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Abstract
Rickard proved in his paper [J. Rickard, Equivalences of derived categories for symmetric algebras,
J. Algebra 257 (2002) 460–481] that if Λ is a finite-dimensional symmetric k-algebra and if there is a set of
objects in D(mod(Λ)) satisfying some conditions, then there is a derived equivalence taking these objects to
the simple modules of another algebra Γ . In this paper we generalize Rickard’s results to finite-dimensional
selfinjective k-algebras by adding an extra condition. We use the techniques of Rickard’s paper in this paper.
© 2007 Elsevier Inc. All rights reserved.
1. Introduction
In [2] Rickard proved a necessary and sufficient condition for the derived categories
D(Mod(Λ)) and D(Mod(Γ )) for two rings Λ and Γ to be equivalent as triangulated cate-
gories. It is that there should be a tilting complex T in D(Mod(Λ)) such that End(T ) ∼= Γ . In
[4] he considered objects X0, . . . ,Xr of D(mod(Λ)) satisfying the following conditions: For
0 i, j  r ,
(a) Hom(Xi,Xj [m]) = 0 for m < 0,
(b) Hom(Xi,Xj ) =
{
0 if i = j,
k if i = j, and
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and he proved that if Λ is a finite-dimensional symmetric k-algebra then there is another
finite-dimensional symmetric k-algebra Γ and an equivalence of triangulated categories
D(Mod(Λ))  D(Mod(Γ )) sending X0, . . . ,Xr to the simple Γ -modules.
In this paper we generalize Rickard’s results in [4] to finite-dimensional selfinjective
k-algebras by adding a fourth condition:
(d) The Nakayama functor permutes X0,X1, . . . ,Xr, i.e., there is a permutation σ of {0, . . . , r}
such that N (Xi) ∼= Xσ(i).
This condition is automatically fulfilled for symmetric algebras. The main theorem in this
paper, Theorem 4, is a generalization of Rickard’s main theorem [4, Theorem 5.1]. We use the
techniques of [4].
For a finite-dimensional k-algebra Λ we define the Nakayama functor
NΛ : Mod(Λ) −→ Mod(Λ)
by
NΛ(X) = Λ∨ ⊗Λ X,
where Λ∨ denotes the k-linear dual of Λ, regarded as a Λ-bimodule. In general, NΛ induces an
equivalence between the categories of finitely generated projective and injective modules for Λ.
It is a right exact functor, and has a total left derived functor
LNΛ :D
(
Mod(Λ)
)−→ D(Mod(Λ)),
where LNΛ(X) is constructed in the usual way by applying the functor − ⊗Λ X to a projective
resolution of Λ∨, or by applying the functor Λ∨ ⊗Λ − to a projective resolution of X.
If Λ is selfinjective, however, NΛ is exact, and so NΛ = LNΛ. In this case NΛ is a self-
equivalence of the module category Mod(Λ) and therefore induces a self-equivalence of the
derived category D(Mod(Λ)).
In [3, Proposition 5.2], it was shown that, if Λ and Γ are derived equivalent finite-dimensional
k-algebras then the diagram
D−
(
Mod(Λ)
) LNΛ
D−
(
Mod(Λ)
)
D−
(
Mod(Γ )
) LNΛ
D−
(
Mod(Γ )
)
commutes up to isomorphism of functors, and so if
F :D−
(
Mod(Λ)
)−→ D−(Mod(Γ ))
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F(LNΛX) ∼= LNΓ (FX)
for any object X of D−(Mod(Λ)).
Note that the fourth condition (d) is a necessary condition because if we have an equivalence
sending the objects X0,X1, . . . ,Xr to the simple modules, then since N is a permutation of the
simples, N should be a permutation of these objects. However this fourth condition does not
follow from the other three conditions (a)–(c) above. For example if we take the path algebra Λ
of the quiver
1
α

α
2
with the relation α2 = 0, then the objects P2 and S2[−t], obviously satisfy the conditions (a), (b)
for any t > 0. Let E be the triangulated subcategory of Db(mod(Λ)) generated by the objects P2
and S2[−t]. It is clear that S2 is in E . Since we have a distinguished triangle
S1 −→ P2 −→ S2 −→ S1[1],
S1 ∈ E and hence all the simples are in E so E = Db(mod(Λ)), thus condition (c) is satisfied.
But these objects don’t satisfy condition (d) because N (P2) = P1 and N (S2) = S1.
2. Selfinjective algebras
Using the following lemma we can generalize Corollary 3.2 in [4] for finite-dimensional self-
injective algebras.
Lemma 1. Let Λ be a finite-dimensional selfinjective algebra over a field k. Let P be a finite-
dimensional projective Λ-module and M be a finite-dimensional Λ-module, then
HomΛ(M,P )∨ ∼= HomΛ
(
P,N (M)).
Proof. It is known that each of the two functors (−)∨ = Homk(−, k) and HomΛ(−,Λ) defines
a duality between (Λ)mod and mod(Λ). Now we have
HomΛ(M,P ) ∼= Homk
(
P∨ ⊗Λ M,k
)= (P∨ ⊗Λ M)∨.
Applying (−)∨ on both sides we get,
HomΛ(M,P )∨ ∼= P∨ ⊗Λ M.
Since P is projective, P∨ is injective and hence projective. Now we have the following sequence
of isomorphisms:
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(
HomΛ(M,Λ),Λ
)
∼= HomΛ
(
HomΛ(M,Λ),P∨
)
∼= HomΛ
(
P,HomΛ(M,Λ)∨
)
= HomΛ
(
P,N (M)). 
Exactly as in [4, Corollary 3.2], this implies the following corollary.
Corollary 2. Let Λ be a finite-dimensional selfinjective k-algebra. Let P be a bounded complex
of finitely generated projective left Λ-modules, and let M be a complex of finitely generated left
Λ-modules. Then
HomD(Mod(Λ))(M,P )
and
HomD(Mod(Λ))
(
P,N (M))
are naturally dual.
In [1] we prove the following theorem:
Theorem 3. A finite-dimensional k-algebra derived equivalent to a finite-dimensional selfinjec-
tive algebra is selfinjective.
3. Main theorem
Theorem 4. Let Λ be a finite-dimensional selfinjective k-algebra. Let X0, . . . ,Xr be objects of
Db(mod(Λ)) satisfying the conditions: for 0 i, j  r ,
(a) Hom(Xi,Xj [m]) = 0 for m < 0,
(b) Hom(Xi,Xj ) =
{
0 if i = j,
k if i = j,
(c) X0, . . . ,Xr generate Db(mod(Λ)) as a triangulated category, and
(d) the Nakayama functor permutes X0,X1, . . . ,Xr, i.e., there is a permutation σ of {0, . . . , r}
such that N (Xi) ∼= Xσ(i).
Then there is another finite-dimensional selfinjective k-algebra Γ and an equivalence of tri-
angulated categories
D
(
Mod(Λ)
)≈ D(Mod(Γ ))
sending X0, . . . ,Xr to the simple Γ -modules.
As in [4] we shall give the proof as a sequence of lemmas. In the proofs of these lemmas we
will just refer to [4], if the proofs are the same as in [4]. If the proofs need some modifications for
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condition (d) of Theorem 4.
Lemma 5. Suppose there is a tilting complex T = T0 ⊕ · · · ⊕ Tr for Λ satisfying the property
Hom
(
Ti,Xj [m]
)= {k if σ(i) = j and m = 00 otherwise. (1)
Then Theorem 4 is true.
Proof. The proof would be the same as [4, Lemma 5.2.]. The condition σ(i) = j rather than
i = j is just for notational convenience later. 
For a finite-dimensional symmetric k-algebra Λ, Rickard in [4], constructed objects Ti, 0
i  r ,—corresponding to the objects X0, . . . ,Xr satisfying conditions (a)–(c)—such that T =⊕r
i=0 Ti was a tilting complex. In this paper we show that the same construction, if the objects
also satisfy condition (d), produce a tilting complex for selfinjective algebras.
Lemma 6. For 0 i, j  r , and m ∈ Z,
Hom
(
Xj ,Ti[m]
)= { k if i = j and m = 00 otherwise.
Proof. See [4, Lemma 5.4]. 
This lemma determines the objects Ti, 0 i  r . So from now on we can consider the object
T =⊕ri=0 Ti as a fixed object.
Lemma 7. For each 0 i  r , Ti is a compact object of D(Mod(Λ)), i.e., it is isomorphic to a
bounded complex of finitely generated projectives.
Proof. See [4, Lemma 5.5]. The proof only uses the fact that Λ is selfinjective. 
Lemma 8. For 0 i, j  r and m ∈ Z,
Hom
(
Ti,Xj [m]
)= {k if σ(i) = j and m = 00 otherwise.
Proof. Since, by Lemma 7, we now know that Ti is isomorphic to a bounded complex of pro-
jectives, this follows by combining Lemma 6 and Corollary 2. 
Lemma 9. The Nakayama functor permutes T0, T1, . . . , Tr , as the same permutation in condition
(d) of Theorem 4, i.e., there is a permutation σ of {0, . . . , r} such that N (Ti) ∼= Tσ(i).
Proof. Rickard’s construction of T0, T1, . . . , Tr is invariant under the Nakayama functor. 
Lemma 10. For 0 i, j  r and m = 0,
Hom
(
Ti, Tj [m]
)= 0.
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proof of [4, Lemma 5.7]. 
Lemma 11. Let C be an object of D−(mod(Λ)). If C  0, then for some 0  i  r and some
m ∈ Z, Hom(C,Ti[m]) = 0.
Proof. See [4, Lemma 5.8]. 
We now have all the ingredients to complete the proof of our main theorem.
Proof of Theorem 4. By Lemmas 5 and 8, it is sufficient to show that T =⊕0ir Ti is a tilting
complex for Λ.
Lemma 7 shows that T is isomorphic in D(Mod(Λ)) to a bounded complex of finitely gener-
ated projective modules.
Lemma 10 shows that Hom(T ,T [m]) = 0 for m = 0.
We just need to show that if C is an object of D−(mod(Λ)) such that Hom(T ,C[m]) = 0 for
all m ∈ Z, then C ∼= 0. Let C be such an object. By Corollary 2 and Lemma 9,
Hom
(
C,T [−m])∼= Hom(T ,C[m])∨ ∼= 0
for all m ∈ Z, and so C ∼= 0 by Lemma 11. 
4. Lifting stable equivalences
In [4], Rickard shows that his theorem (Theorem 5.1) can be combined with ideas of Okuyama
to give a method of lifting stable equivalences to derived equivalences. Using Theorem 4 it is
straightforward to generalize his results to selfinjective algebras. Since the proofs are almost
identical to those in [4, Section 6.2], we shall omit them. The only difference is that where
Rickard uses Tate duality for symmetric algebras, we use the property that
HomΓ (X,Y ) ∼= HomΓ
(
Y,ΩN (X))∨,
where X and Y are finite-dimensional.
Theorem 12. Let Λ and Γ be finite-dimensional selfinjective k-algebras, let
F : mod(Γ ) → mod(Λ)
be an exact functor inducing a stable equivalence of Morita type, and let {S0, . . . , Sr} be a set of
representatives for the isomorphism classes of simple Γ -modules.
If there are objects X0, . . . ,Xr of Db(mod(Λ)) such that, for each 0  i  r , Xi is sta-
bly isomorphic to F(Si), and satisfying conditions (a)–(d) of Theorem 4, then D(Mod(Λ)) and
D(Mod(Γ )) are equivalent as triangulated categories.
In [4], Rickard considers the objects with homology concentrated in one degree and show that
in this case we must have
Xi ∼= ΩniF (Si)[ni], (2)
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tions (a) and (b) of Theorem 4. If we do the same we get the following:
Proposition 13. Conditions (a) and (b) of Theorem 4 are satisfied by the objects Xi of (2) if
(i) EndΛ(ΩniF (Si)) ∼= k for 0 i  r ,
(ii) HomΛ(ΩniF (Si),Ωnj F (Sj )) = 0 whenever i = j and ni  nj ,
and if the four equivalent conditions
(iii) HomΛ(ΩmF(Si),F (Sj )) = 0 whenever −1 > m > ni − nj ,
(iv) HomΓ (ΩmSi, Sj ) = 0 whenever −1 > m > ni − nj ,
(v) ExtpΛ(F (Sj ),F (N (Si))) = 0 whenever 0 < p < nj − ni − 1,
(vi) ExtpΓ (Sj ,N (Si)) = 0 whenever 0 < p < nj − ni − 1,
are satisfied.
Corollary 14. Suppose
max
0i,jr
|ni − nj | 2.
Then conditions (a) and (b) of Theorem 12 are satisfied by the objects Xi of (2) if
(i) EndΛ(ΩniF (Si)) ∼= k for 0 i  r , and
(ii) HomΛ(ΩniF (Si),Ωnj F (Sj )) = 0 whenever i = j and ni  nj .
Proposition 15. (a) Condition (i) of Proposition 13 (or Corollary 14) is satisfied for a given i if
and only if
PHomΛ
(
ΩniF (Si), Ω
niF (Si)
)= 0.
(b) Condition (ii) is satisfied for a given i and j if and only if
PHomΛ
(
ΩniF (Si), Ω
nj F (Sj )
)= 0
and either
(I) nj − ni < 2, or
(II) nj − ni  2 and Extnj−ni−1Γ (Sj ,N (Si)) = 0.
Remark 16. Since there are no non-zero projective maps from a simple module to a module with
no projective summands, the vanishing of
PHomΛ
(
ΩniF (Si), Ω
nj F (Sj )
)= 0
is automatic if ΩniF (Si) is a simple Γ -module.
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